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The one-loop corrections to the supersymmetric Ward-Takahashi identity (WTi) 
are investigated in the off-shell regime in the Wilson formulation of the discretized 
N = 1 Super Yang-Mills (SYM) theory. The study of the continuum limit as well 
as the renormalization procedure for the supercurrent are presented. 



1. Introduction 



| Recently, there have been a number of interesting results in lattice super- 

symmetry, as for example, in the two dimensional Wess-Zumino model 1 , 
four dimensional N=l SYM theory 2 , with chiral fermions or not, as well as 
' other supersymmetric theories 3 . Here, to formulate supersymmetry on the 

lattice we follow the ideas of Curci and Veneziano 4 . What they propose is 
to give up manifest supersymmetry on the lattice, and instead, to restore 
it in the continuum limit, by tunning the bare coupling go and the gluino 
mass to the supersymmetric point which also coincides with the chiral point. 
In the Wilson formulation of Curci and Veneziano lattice supersymmetry 
can also be investigated by means of the WTi. On the lattice, the WTi 
contains explicit supersymmetric breaking terms and the supersymmetric 
limit is defined to be the point in the parameter space where these breaking 
terms vanish and the continuum supersymmetric WTi is recovered. Nice 
numerical results 5 , are already in the literature, but still the study of the 
continuum limit of the supersymmetric WTi was missing. Here we want to 
shed some light on how to deal with this difficult issue, illustrating a re- 
cent result 6 , that shows that, it is possible to write down the renormalized 
supersymmetric WTi and the general procedure to determine the renor- 
malization coefficient for the supercurrent, Zt- 



1 
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2. Renormalized supersymmetric WTi on the lattice 

The starting point of our calculation is the renormalized supersymmetric 
WTi on the lattice, which has been introduced in Ref. 6, 

ZsiOV^ix)) + Z T (OWMx)) - 2(m - fh)Z- 1 {0 X R {x)) + 
•£Zb,(OB,} = 0. (1) 

3 

where £{x) is a localized transformation parameter, <S>(x) = 
— |^ Tr (G pr (x)(Tp T 7 /J A(a;)) , is a local definition of the lattice super- 
current which mixes with T p (x) = — | Tr (G lll ,(x)-f„X(x)) . \{x) — 

Tr (G pT {x)(7 pT \(x)) is the gluino mass term, V M is the symmetric lat- 
tice derivative, G pT (x) is the clover plaquette operator and a pT — |[7p,7r]- 
Then, (4g)k=o), (°fglc=o) and (O^| £=0 ) are the contact terms, 
gauge fixing terms and Faddeev-Popov terms, respectively (we do not re- 
port them here, see Ref. 6). Notice that in Eq. (1) these terms are also 
renormalized. This is because their one-loop corrections are not just multi- 
ples of the corresponding tree-level values. Finally, ^ . ^Bj {OBj) represent 
the mixing not only with non-gauge invariant operators (in the case the op- 
erator insertion O is non-gauge invariant), but also extra mixing with gauge 
invariant operators which do not vanish in the off-shell regime but vanish 
in the on-shell one. In principle, one require a complete list of them, or, as 
in our case, a sub-list of operators whose contributions are different from 
zero to the renormalization constant we are interested on. This point will 
become more clear in the following. 

In the supersymmetric limit, the renormalized gluino mass is zero, so 
the third term in the first line of Eq. (1) vanish and we leave with a simple 
expression. From now on, when we refer to Eq. (1) we will assume the 
supersymmetric limit. 



3. Renormalization constants for the supercurrent 

We are now considering each matrix element in Eq. (1) with O a non-gauge 
invariant operator given by O := A h v (y)\ a (z). Each matrix element in 
Eq. (1) is proportional to each element of the Gamma-matrix base T = 
{lj 75; 7a 7 757a 7 °ap}- To determine Zt one needs the projections over j a 
and 7a 75 (the other ones are trivial). 
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In Fourier transformation (FT), wc choose p as the outcoming mo- 
mentum for the gluon field and q the incoming momentum for 
the fermion field A. Thus, each matrix element can be written as 
(A*(y) \ a (z)C(x)) ^ D F (q)-(C(p,q)) amp -D B (p)-6 ab , where (C(p,q)) amp 
can be, i.e., V^S^, V M T M , etc., with the external propagators amputated, 
Dp(q) and Db(p) are the full fermion and gluon propagators, respectively, 
while S ao is the color structure, similar to all diagrams. The non-trivial 
part of the calculation is the determination of (C(p, q)) am p for each matrix 
element in Eq. (1). To calculate Zt one should pick up from each matrix 
element of Eq. (1) those terms which contains the same Lorentz structure 
as and T M , to tree- level. Those operators which do not contain the same 
tree-level Lorentz structure as 5 M and T M do not enter in the determination 
oiZ T . 

The renormalization constants as well as the operators, can be written 
as a power of go 6 , 

7 - 7 (0) 4- a 2 7 {2) + ■ 

^operator — ^operator ' 'JO^ 'operator ' ' 

(Operator") — (Operator)^ + g\{Operator) ^ + • • • , (2) 

where (Operator)^, is the 1-loop correction while {Operator)^°\ is the 
tree-level value. It is easy to see that, for p = q, a condition which would 
greatly simplify the calculation because implies that the operator insertion 

is at zero momentum, (V = ( V M T p( x ))l!ij> = °- That means 
that the tree-level of V^S^ and V^T^ can not be distinguished at zero 
momentum transfer. To get Zt we need to distinguish the tree- level values 
of S/j and T M and for that reason we require general external momenta, p 
and q. 

Substituting Eq. (2) into Eq. (1), up to order g 2 , and using the projec- 
tions over 7 Q and 7 Q 75 we obtain, respectively (where the explicit expression 
for the tree-level operators in Eq. (1) are used 6 ), 

2 tr h a ( v ^ s ^) a 2 ip) + z s )2i (p<xPv-p<*qv -p 2 5 a u+p- qSau) + 

Z T 2) i{p a p v - p a q v - p 2 S av + p ■ q8 av ) + jtr(7 Q (^^y| c=0 )| i 2 j ip ) + 

1 s s 

zf) T 2i(p a q v - p ■ q5 av +p 2 S cw ) - Z (2) F 2ip a p v - -tr(7 a | €=0 ) a ^ p ) 
+ \z^( la OB 3 f ] =0 (3) 
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and 

^tr(7 Q 7 5 (V M^lmp) + zf ) 2ip p q a z vapa - Z {2) T 2ip p q a e vapa + 

1, / / SO s(2) v 1 i ( 5Sgf n(2) n 

4 ^ a75( 5?(^ l?=0 W ~ I^^^^'^W + 

\z {2 ]tr( lal5 OB f ] =Q. (4) 

More explicitly, the non-trivial part is the computation of the one-loop 
correction of the projections over T r = {7^,7075} (off-shell regime), for 
tr(r r (V M S M )^ p ) (12 diagrams), tr(r r (ffg| |=0 )^ p ) (12 diagrams) and 

_ N(2) n 



tr(r r ( -^p. |g=o)^ ) (4 diagrams), for a total of 28 Feynman diagrams for 



the determination of Zj, (see Ref. 6 for details) . 

The determination of Z^ require the knowledge of which operators in 
ZgHr(T r OBj)^ should be included. Our claim 6 is that, to get Z^ one 
can substitute without any ambiguity, jZ^tii^aOB^^ — > Zgh(p a p v — 

P 2 5 a „) + Zghp„q a + Zghq„q a + Zg\q 2 5 a „, and \zfTY( lal5 OB 3 ) {a) -» 0. 
From the explicit computation of the matrix elements of the WTi we get 
the following expressions, 

tr( 7Q A) (2) ^ A x q 2 p a p v + A 2 q 2 p a q v + (A 3 + M 3 )q 2 6 av + M x q 2 p v q a + 
M 2 q 2 q a q u + Piq 2 fj va + P*?tj va + ■■■ (5) 

and 

tr( 7ct 7 5 A) (2) ^ A 4 q 2 (6) 

where A = OV p S p {x) + jfgjl^o - O ff^||=o and the following scmpli- 
fication, p 2 = q 2 and p ■ q = 0, has been used. Notice that Eq. (5), even in 
the continuum limit, contains non-Lorentz covariant terms. 

From the matching of Eqs. (3,4) with Eqs. (5,6), the following conditions 
can be derived, 

A x = -2iZ (2) - iZ {2) + 2iZ {2) F - iZ [2 ] , 

A 3 + M 3 = 2iZ {2) + iZ {2) - 2iZ (2 l + iZ (2 ] - iZ (2 l , 

M x = -iZ^, M 2 = -iZ™, ••■ (7) 



and 



A 2 = 2iZ {2) + iZ {2) - 2iZ {2) T , A 4 = -2iZ {2) + 2iZ {2) T . (8) 
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The last two conditions can be explicitly solved for Z\, , 

Z^ ] = -iA 2 - iAi . (9) 

{ 2} 

We see from Eqs. (8,9) that Zj, does not need to know the Zb } which 
enter explicitly in Eq. (7). That is why we did not include the operators 
which produce non-Lorentz covariant terms in Eq. (7). Their contribution 
vanish to the determination of Z^\ 

Our perturbative result (using a Vegas Monte Carlo routine) is Z^ = 
Z^li-ioop — 0.664. To compare it with the numerical one 5 , Z^ UM = 
Z T /Z S = 0.185(7), one has to divide it by 2, Z£ T = ±^ 2) |i_ ;oop = 0.332. 

4. Conclusions 

A general procedure to calculate the renormalization constant Zt has been 
presented. All the contribution to the supersymmetric WTi has been cal- 
culated to one-loop order in lattice perturbation theory. Comparison with 
numerical results 5 gives good agreement. An important point here is that, 
even in the continuum limit, Lorentz breaking terms appears in Eq. (5). 

i2) 

The nice point is that, once the Z T has been determined, it is possible to 
impose the on-shell condition on the gluino mass. These Lorentz breaking 
terms cancel out from Eq. (5) and the continuum supersymmetric WTi is 
recovered. The determination of Z$ is under way. 
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